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COE’RESWJE BUCKKCNG OF fiil!PLYSUPPORTED CURVED PLATES

AND “CYILNDERSOF SANDWICH CONSTRUC!lZCON

By Manuel Stein and J. Myers

Theoretical solutions are presented for the buclding in Worm
axial compression of two types of simply supported curved sandwich
plates: the corrugated-core type and the isotropic-core type. The
solutions are obtained from a theory for orthotropic curved plates in
which deflections due to shear are taken into account. Results are
given in the form of equations and curves.

INTRODUCITtON

The use of sandwich construction for compression-camying compo-
nents of aircraft will often require the calculation of the compressive
buckling strength ofcurved sandwich plates.

In the present paper, -therefore,a theoretical solution is given
for the elastic buckling load, in uniform ~l’compression, of simply
supported, cylindrically curved, rectmgular plates and circular cylin-
ders of two types of sandwich construction: the corrugated-cow type
and the isotropic type (e.g. Metalite).

The analysis is basedon the snmll-deflectionbuckling theory of
reference 1 which differs from ordinary curved-plate theory principally
by the ticlusion of the effects of deflections due to transverse shear.
The curvature is assumed constant and the thickness small compared with
the radius and axial and circumferential dimensions. The core modulus
in the transverse direction is assumed to be infinite; th’im,considera-
tion of types of local buckling in which ‘correspondingpoints on the
upper and lower faces do not remain equidistant is e~ted. The
corrugated-core sandwich is assumed to be symmetrical, on the average,
about the middle surface, so that the force @tortion relations are
relatively simple (see reference 2), and is assumed to have infinite
transverse shear stiffness h plames parallel to the corrugations. The
core of the isotropic sandwich (flexural properties identical in ax&l
and circumferential dir&ctions) is’assumed to carry no face-parallel
stresses.
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The results of the solution are presented in
through equations and graphs. ‘I!hedetails of the
two appendixes.

The results”of the present investigation are

NACATN 2601

.,
nondimensional form
analysis are given in

“

co~red with pretious
work on the subject of compressive buckling of curved sandwich phtes
and cylinders (references 3, 4, and ~). ~s previous work is confined
to sandwich construction of the isotropic type only. The present paper
includes results for the isotropic sandwich covering a larger curvature
r&qge and gives the same, or more consem’ative, results.

SYMBOLS

Zc ‘ cross-sectionalarea of corrugation per inch of width,
inches

r’ cross-sectionalarea of faces per inch of width, inches
(2t~)

D~ flexural stiffness of isotropic sandwich plate, inch-

()

E#Sh2
pounds

2(1-p#)

DY,DV beam flexura1 sttifnesses of orthotropic plate in axialJ and cticumterential.directions,
pounds

‘w
twisting diffness of orthotropic
inch-pounds

DQ

Ec

Es

%+

respectively, inch-

plate in xy-plane,

t ransverse shear stiffnesses of orthotropic plate in
sxial and circumferential directions, respectively,
pounds per inch (D% assumed infinite for corrugated-

core sandwich)

t ransverse shear stiffness of isotropic sandwich plate,
pounds per inch

Youngls modulus for corrugated-coremterial, psi

Young~s modulus for face material, psi

etiensional stfifnesses of orthotropic plate in axial and .
circumferential&rections, respectively, pounds per
inch

.—
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Gc

‘w

WE-%
V2,V4,V-41
Nx

Q#y

R

a

b

h
‘.

shear modulus
plate, psi

of core mterial for isotropic sandwich

shear stiffness of orthotropic plate in xy-plane, pounds
per inch

moment of inertia of corrugation cross section per inch

of width, tiches3

moment of inertia of faces per inch of width about middle

()tSh2of surface of plate, inches3
7

mathematical operators

middle-surface compressive

transverse shearing forces
respectively, pounds per

force,

in yz-
inch

pounds per inch

and xz-planes,

constant radius of curvature of plate or cy~der, inches

( 2 2t>4 ~b2 2tSb4
curvature parameters Za = —“ = — for

R27S ‘ R2~S

‘corrugated-core )(.=*;sandwich plate

2tSb4(l - PS2)
zb2 =

)

for isotropic sandwich plate
R2~s

axial length of plate or cylinder, inches

circumference of cylinder or circumferentialwidth of
plate, inches

depth of sandwich plate measured betweenmiddle surfaces
of faces, inches

—.—. ——-- –-. ——.——-— .—— –- — -——— ..- ——
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%’% .( N#2
compressive load coefficients k% = —.

ES~Sn2’

k%
. &b2

)

for corrugated-core sandwich plate
E~sf12

(
N&2 ~b2

. l=%
=_*kxb=—

)

for isotropic sandwich plate
DSn2’ D.3n2

m,n nu&er of half-waves into which plate or cylinder buckles
in tial and circumferential tiections, respectively

2p pitch of corrugation, fiches

2 developed length

ray% . transv&se shear

%=
D b2
%

of one corrugation leg, inches

( E&lr2
stiffness p&ameters ra = —“

D%a2 ‘“

for corrugated-coresandwich )plate

( IkJ’# D@T2
‘a =—;rb=

$
)

for isotropic sandwich plate
D@2

I
-qJ thickness of corrugation material,,inches .

ts thickness of face ~terial, inches

w radial displacement of point on middle &rrface ofplate
or cylinder, inches

X,y axial.and circumferential coordinates, IXSpdivelY

UC Poisson~s ratio for corrugated-corematerial

us Poissonls ratio for face’material ,

n

‘.

.
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:,

Poisson~s ratios for orthotropic plate, defined in terms
of curvatures

Poissonls ratios for orthotropic plate, defined in terms
of tiddle-surface strains

RESULTS

Corrugated-Core Sandwich

The.theoretical compressive buckling load for a curved rectangular
corrugated-core sandwich plate of axial length a and circumferential
width- b can be obtatied-from the following equation:

+

‘b 2(1+ pJ\a/ ‘

.

where

m,n number of half-waves into which plate buckles in axial and
circumferential directions

“

.

(1)

..——-—. — —.—~ ..—— —— —--..—
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E~Sm2
Q._

D b2
%

2tSb4
~b2 -

R2~s . \

D% is the transverse shear stiffness, obtainable from reference 2, and

2 E&C1+(1. ~J_.
ESAS

l+ps
!2=

1+~~

r)
2 E&

1+—- —
l+~ct E$~

1

Ed-c
l+— ..

Ec&

The details in the derivation of equation (1) are

Illusing
values of m

equation (l), in general, different
and n must be substituted until a

e

,.

presented in appendix A.
.

combinations of titegral.
minimum value of kxb

— .— —
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,-
is obtained for given values of the other parameters. This minimum
value of k% dete~es the buckling load.

,.
For the special case of an infinitely long curved pl.ate(a,mjm),

~?eg~ltv~;ues of n

minimized with respect to the axial wave length a/m and

.

For the special case of a cylinder, the width b is equal to 2JrR.
Thus, R becomes involved in the parameters kxbY ~, Zb, and a/b.

Equation (l), therefore, is not weIl+dapted to studying the effect of
changes in R on the buclil.ingstrength of’t.hecylinder. It is more
convenient, for the special case of a cylinder, to consider equation (1)
rewritten in terms of slightly diffeWnt parameters as follows:

I

.-

.

“

——

where ‘

N@,
k%=—

E&n2

E&?
ra=—

D a2
%

(2)

—-.. .——— ———— ~ — —- — —.— —.— ——. —— —-—
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This equation, unlike equation (l), can yield the limiting results for
an infhitely wide flat plate (RaaI) compressed in the short tiection.

For cylinders, W?ferent comb~tions of integral values of m and
even integral values of n must be substituted until a minimum value for
k% is obtained. The values considered for n for the range of practical

dimensions-are: n = O for short cylinders (tisymmetria”l buckling) and
n=b, 6, 8 . . . for medium or long cylinders. The case n = 2, which
is not considered here, corresponds to columu bucM3ng. For medium or
long cylinders, the same results or slightly conservative results are
obtained H, instead of minimizing k% with respect to even integral

values of n, k% is minimized with respect to the circumferentialwave

length b/n. The latter procedure is used h this paper.
e

Because of the lar e number of elastic and geometric parameters
appearing h equations ?1) ad (2), the critical load coefficients can
be readily obtained only for individual corrugated-core sandwich sections.

?,

For purposes of illustrating the application of equations (1) and (2) to
a particular corrugated-core ~dwich, the section shown in figure 1 has
been selected. The reqtied physical constants calculated for this sec-
tion are also shown jn figure 1. The value of D~, is computed from the

fornniLasand charts presented h reference-2. ‘J

The process of minimization is carried out for this particular sec-
tion and buck-g loads are obtained for infinitely long curved plates
and cylinders of arbitrary over-all width and length, respectively, and
of arbitrary =dius. Nondimensional curves presenthg these results are
shown in figures 2 and 3 giving the load coefficients k% and k% and

therefore the load as a function of the over-all dimensions. The dashed
curves give the results obtained H transverse shear deformations are
neglected. we equations for this case-are-presentedin appendix A. It
should be noted that the b/R and a/R curves are cut off where the
dimensions of the plate or cylinder would no longer be consistent with
the requirements of sndl-deflection theory.

Isotropic-Core Sandwich

The theoretical compressive;buckling load for a curved, rectangular, ●

isotropic-core sandwich plate of -al length a and circumferential
width b can be obtained from the fo~owing equation:

-.

.
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where

D#r2
Q.—

DQb2

‘tSbb(l - PS2) . . ‘ ‘
Zb’ =

R’?c

and

DQ
h’

=Gc~
- ts

The details of
The values of
same manner as
sandwich.

(see reference 6)

(3)

the derivation of equation (3) are presented in appendix B.
m and n to be used in equation (3) are obtained in the
discussed in the previous section for the corrugated-core

. For the special case of an infinitely long curved plate (a,m~w), ‘

kxb can be minimized with respect to the -1 wave length a/m and

the number of circumferentialh&f-waves n. The results are plotted in
figure 4. The equations for the theoretical buclding load coefficients
of infinitely long curved plates and.the -es in which they hold are ‘

—— -—— -—
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4 ~zl’rb
+&_

‘xb x (1 . %)2 Tr4 4 (4)

(5)

when 4-<zb<-
(~+ %)2 7= % ‘

kxb = ~
%

(6)

vZb l-rb
when-~— Equations (4) and (S) are not exact but are quite

~2 %“
accurate for the curvature-parameterrqges indicated.

“Forthe special-case of a cylinder (b = 2mR), it is convenient to
rewrite
done in

equation (3) with parameters in terms of a rather than b as
the preceding section; the resulting equation is

(7)

— —



..

.

NACA TN 2601

where

2tcJJ(l - @
za2 =

R2~c
u

As is true of equation (2), equation (’7)when
be restricted to values of n equal to O And

applied to a cylinder
even integers greater

Il.

must -
than

2. The minimization is againperformed analytically so t@t m and n
are eliminated. The results, which areylotted in figure ~, are given
by the following eqtitions: . ‘ ~

k% . 1 +&
l+ra 7’14

,.

(8)

(9)

. (lo)

—— . — —.
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In addition to the results presented for 5nfinitely long curved
a

plates and cylinders, calculationshave been carried out for rectangular
curved plates of dimensions such that the axial length is equal to the
circumferentiallength and the -1 length is equal to one-half the

.

circumferentiallength. The theoretical buckling load coefficients for
rec_bngula curved plates of these dimensions and, for comparison, the

(theoretical buckling load coefficient for cylinders denoted by ~ = O).
are presented in

The results
corrugated-core,
section shown in

figure 6.

DISCUSSION

Effect of Transverse Shear Stiffness

of the investigation of the compressive buckling of
curved, sandwich plates hav@g the particular cross
figure 1 and isotropic curved sandwich plates indicate

the following effec~s with regard to-finite tmnsverse sfiearsttifness:
L

For the infinitely long, corrugated-core,curved sandwich plates
(see fig. 2), the effect of the finite transverse shear stiffness can
be neglected for plates of high curvature (Zb > 100) but should be con- -.

sidered for plates of lower curvature. For the corrugated-core cylinders

(see fig. 3), the effect of transverse shear stiffness can be neglected

when the cylinder is either ve~ short
@< 0=1) ‘r *remly 10ng @ > 10)~

Equations are given in appendix A for the critical compressive load coef-
ficients of infinitely lonE Plates and cylinders when transverse shear
sttifness is
the range of

into account

for

and
the

a- = 10,r

neglecte~. I; %he interme&ate range, which corresponds to
practical dimensions; shearhg deformations must be taken

(at least for lower values of Za for $ = 1, Za < 103;

4
)Za<10 .

For isotropic curved sandwich plates and cymers (figs. 4, ~,
6) the results indicate that transverse shearing defo-tions have
greatest effect when

/— -\

()‘2>1~. (n)

()~<1b
(12) “

.,
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For these values, the critical compressive load

~ is given tiectly by the reciprocal of the

13

coefficient ~b or

shear stil?fnessparam-

et& rb or ra, respectively,
and transverse shear stiffness

or in terms of the-

This equation represents the horizontal portion of
s, and 6.

The results indicate that the effect of shear
nezlected when rL and r. are much sml.ler than

compressive load Nx

the curves in

stiffness can

figures 4,

be
the right-hand members

of relations (n) and (12), respectively. Equations are given ti
appendix B for the critical compressive load coefficients of infimtely
long plates and cylinders when transverse shear stiff~ess is neglected.

In the intermediate range (the range of practical dimensions), the
effect of transverse shear defomuation is always important.

Co~rison with Previous Results

For the corrugated-core curved sandwich plate, no previous results
are available for comparison with the present paper. The equations of
the present paper, however, do reduce to the equation for the corrugated-
core flat sandwich plate given in reference 7.

For the isotropic curved sandwich plate, previous results are avail-
able only for the infinitely long plate of smll curvature and for the
cylinder of medium or large curvature. Comparison of the present results
with this previous work shows that the present results are the same or
conservative.

Equation (4), which gives the theoretical buclding load coefficient
for plates of small curvature, is similar to equation (16) of reference 3
and equation (48)of reference ~. Since the theory of reference 3 allows
the core to carry compressive load and imposes the additional boundary
condition of zero circumferential displacement along the unloaded edges,
the results of the present paper are more consemative than those of
reference 3. When the curvature is zero, equation (4) gives the same
results as equation (48)of reference 4 but is increasingly more conserva-
tive as the curvature increases because of the approximate manner in which
the theory of reference 4 takes the effects of c-&ature into account.

Equation
equation (20)

(9)is equivalent to equation (49)
of reference 3, if the compressive

of reference L and to
load carried by the core

..

—- —- .— —. .——
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is neglected, fid cam be shown to be the result of minimizing with respect *
to.the wave length the buc!ding coefficient appear@ in equations (1S)
and (16) of reference ~. .

Equation (10), which gives the buckling coefficient for zero-wave-
length shear buck=~ of the core, is equivalent to equation (18) of
reference j. It is of interest to note here that, in reference ~, tests
conducted on thin isotropic-core sandwich cylinders (cellular-cellulose-
acetate cores) indicate apparent correlation with
ence ~ and equation (10) of the present paper.

En@rical Reduction Factors

equation (18) of refer-

It is well-known that the sndl-deflection buckling solutions for
cylinders and curved plates of ordinary homogeneous construction give
compressive buclding stresses that may be much higher than the experi-
mentally observed values; empfiical ‘qmockdowni’or reduction factors
have therefon been proposed for ordinary curved plates in compression
(see, for example, reference 8). The same shortcoming maybe expected
of the present buclilingsolution for curved sandwich plates; the reduc- ,/

tions reqtied, however, will probably not be so severe as in the case
of homogeneous cylinders, partly because the greater thickness of the
sandwich plate reduces, relatively, the importance of initial irregu-

.

larities.(see discussion in reference 3): Some experimental data (refer-
ence ~) seem to indicate that no reduction is required for the isotropic
sandwich with a core of
tigations are requMed,
generally valid for all

sufficiently low shear stjffness. Further fies-
however, before this conclusion my be taken as
c&ved sandwich plates.

CONCLUDING REMARKS

A theoretical solution is presented for the e~stic buclding load
in uniform *1 compression, of simply supported, cylindrically curved,
rectangular plates and circular cylinders of two types of sandwich con-
struction:“ the corrugated-core type and the isotropic type.

Like the results for flat sandwich plates, the results for curved
sandwich plates show, h general, that the effect of finite transverse
shear sttifness is to lower the buckdiqg load. For given cross-sectional
tiensions and properties, this effect diminishes as curvature increases.
In the range of practical dimensions, however, the effect of transverse
shear deformations on the buckling load is always important.

.
For isotropic, sandwich, curved plates and cylinders of low trans-

verse shear stiffness (weak cores), the critical compressive load Nx
~

,.

,.
— ———_——
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“

becomes tidependent of curvature and equal to the transverse shear

. sttifness DQ, a result found also for flat sandwich plates of low
shear sttifness.

Langley Aeronautical Laboratory
National Advisory Committee for Aeromutics

Langley Field, Vs., September ~, 19s1

,
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*

APPENDIX A

AXAlYtW5 OF CORRUGATED-CORE SAl@WICH PLATE

1,

A corrugated-coresandwich plate with the corrugations oriented
parallel to the x-tis maybe considered to be an orthotropic plate
having infinite t~erse shear stiffness in the @l direction; that
is, DQXACO. For such a plate loaded in axial compression (Nx posi-

tive in compression), the general equations of equilibrium for ortho-
tropic plates developed

G
w @LDW + —
R2

1

[

%

‘Z1-*

in-reference 1 reduce to

#w ~ N a?T—-

2 x ~2

a3~ &x
—-l-

(
+D )1az.()*31-*~&2*

(A2)

where ~ is the 13near differential operator defined by

.-
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LE is the linear ckMferential operator definedby

.

and LE-1 is the inverse operator

l#(~w) =

defined by

%($%) - w

For a simply supported orthotropic sandwich plate, since deflections
due to transverse shear are considered, three boundary conditions must
be imposed at a plate edge. Two of these are the usual boundary condi-
tions specified on the disp~cement w and the bending moment ~ (H
edge is parallel to the y-sxis), that is,

w= o

The third condition is imposed on the transverse shearing force ~,

which requires that the transverse sh~ st&n b the plane of the
boundary be zero; hence,

A shilar set of conditions exists along an edge parallel to the x+xis.

For a corrugated-core sandwich platey the bounda~ conditions are
satisfied U the displacement and tmnsv erse shear functions are taken
as

(A3)

‘.
—.. –- --— . ..—
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since the assumption that D~~oY for the

matically satisfies the boundary condition

NACA TN 2601

corrugated-coreplate auto-
n

Substitution of relations (A3) into equations (Al) and (A2) leads to
two linear homogeneous equations h the arbitrary constants A and B.
If nonzero solutions of these equations are to exist, the determinant of
the coefficients of
by

Nx =
2 Dx

()[
m~
a

l-W

A and B ‘mustvanish. This condition is represented

‘Y nbab001—-
l-W G

r“

(A4)

where the reciprotil relationship ~ = ~ (see reference 9) has been

used to simp15@ the numerate-rof the second term.

By replacing the physical constants Dx, Dy, D=, Ex, ~, GW, W,

~, Plx, ad P*Y with theti respective formulas, as developed in refer-

ence 2 for the symmetrical corrugated-core sandwich plate, and defining

!,

.
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2tSb4
Zb2 = —

R2~S

equation (AL) becomes

nk%.—
la

()

2+

pG
4

c

.

where

. .

()21a 2.’
‘b ~~ -

(M)

. — _—— —.—— —— . . .. ——— — -.— —
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-1

~3= J’_

‘C*Cl+—
E&

Equation (A~)
finite rectangular
of a cylinder-(b =

is applicable to infinitely long curved plates, to
curved plates, and to cyMnders. For the special case
‘2nR),however, it is more convenient, for reasons dis-

cussed in the section entitled ‘lResults,~l.toconsider this equation
written in terms of slightly different parameters as follows:

where

i’

(A6)

—
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2tsa4
Zaz = —

R2~s

-1?ESIS
ra=—

D a2
%

The process of minimization of k% and

arbitrary parameters m and n is discussed
‘lResults.’1

When the shear-st~fness parameters w

tions due to transverse shear neglected), the

and k% are found to be as follows: For an

k~a with respect to the

in the section entitled

and ra are zero (deforma-

mimimum values of kxb

infinitely long curved plate

E2 )~ ; for a cylinder+2=+51

-’

(A7)

(A8)

—— —-- --
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1 .*‘% ‘T+—
1-

E1PS2
(A9)

(A1O)
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APPENDIX B

ANALYSIS OF ISOTROPIC SANDWICH PLATE

The equation of equilibrium for an isotropic sandwich plate loaded
b *1 compression (Nx positive h compression) ob~ined from refe~
ence 1 is

(Bl)

The boundary
H the deflection

Substitution

conditions for simply supported edges can be satisfied
function is taken as

mnxw.As~— sti n=

b
(B2)

a

of equation (B2) into equation (Bl), defining

Nxb2
k_.—

zb2=

‘b Dsf12

2tSb4(l - ~S2)

‘D#r2
~.—

D~b2

plate or cylinder,
and simplifying yields the theoretical load coefficient of an isotropic
curved sandwich

———— —.-
_———
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.

.

kxb = +

w’+++@’NlE+wwl’
(B3)

For the reason mentioned in the section
convenient to obtain a separate equation for

N&’

‘xa=—
Dsn2

entitled ~lResults,liit is
cylinders. By defining

Dsn2

‘a=—
D@’

the equation becomes

.,

(B4)

The process of minimization of these equations with respect to the
arbitrary parameters is the same as that for the corrugated-coreplates
and is discussed in the section entitled l’Results.~tFor infinitely long
isotropic-core sandwich plates and cylinders, since the equations are
relatively simple, the results can be presented in more advanced form.
The following equations give the minimum load coefficients: For infi-
nitely long plates,

*



4K

,.

,,

&

zb21 - %

‘x’ 4 ‘—!“(l+I’J2+TJ4

Zb 4fii-
when — <

TT2 (1 +,r#

41=m <Zb<r%
when

(1 + rb)2
~2”= I’b “ -

1
kxb = ~

z~< 1
when —

~2 ‘l+ra’

.’
0 Za()z~‘*=_#2-~ra

(B5)

(B6)

(B7)

(B8)

— ——y—. — --—-.— —. .—. _—___ --
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1
when — <Za<l

l+ra=~=~’

z
when A>L.

~2 ‘ ra

.

WCA TN 2601
.

(B1O)

Equations (B~) and (B6) are very accurate for the curvature ranges
indicated and give exact ~ for Z =,0. The remaining equations
give the exact minimms for all values of Z. These results and results
for a rectangular, curved, isotropic-core, sandwich plate are presented-
in figures 4,~,and 6.

When the shear-stiffnessparameters ~
tions due to transverse shti neglected) the

‘%
in equations (B3) and (B4) are found *O

plates,

●

and ra are zero (defo~-
minimum values of

%
and .

be: For infinitely long

lZb2
kxb =~+—’

4.4

when -z&< 4, -
~2 =

‘b >
when ~ = 4; for cylinders,

z
when +s1,

n

(Bll)

(B12)

(B13)

.
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%=+

.

(Blh)

n

.-

— . .. .—— —— —..———— —. — ——-– —.-
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Figure 3..- Critical axial compressive-load coefficients for simply
supported cylinders with corrugated-core sandwich section shown
in figure 1.
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